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Abstract

We propose an algorithm to improve Bokhari’s method for partitioning multiple-chain-like tasks across a

host—satellite system. The time complexity of our

algorithm is reduced from the time complexity

O(m?n log max(m, n)) of Bokhari to O(mn log max(m, n)), where n is the number of satellites and m the number
of modules in each of the n chains which must be partitioned between a satellite and the host.
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1. Introduction

A major problem arising in multiple processor
systems is the optimal allocation of tasks. A num-
ber of studies have been reported in the litera-
ture (see references). The problem we investigate
is the allocation of a multiple-chain-like task on a
set of n satellite processors and a host which was
first considered by Bokhari [4]. In this paper, we
propose an algorithm which solves this task allo-
cation problem more efficiently than the algo-
rithm of Bokhari.

in the problem considered by Bokhari [4], a
large host computer is connected to »n satellite
computers which receive data from a real-time
environment. The data streams entering each
satellite have to be processed in a pipeline fash-
ion. Each satellite computer is able to partition
its workload between itself and the larger, more
powerful host to improve its individual processing

time. However, moving some modules to the host
adversely impacts the performance of the other
satellites. As noted by Bokhari it is the complex
interaction between the loads of the satellites via
the shared host which makes this optimal parti-
tioning problem difficult.

Each satellite receives a chain-structured task,
i.e. a task made up of m modules numbered
1,...,m. Like Bokhari, we can assume without
loss of generality that each chain has exactly m
modules. This assumption is made in order to
simplify the presentation. Each task has an inter-
communication pattern such that module j is
connected only to modules j+ 1 (if j <m) and
j—1 Gf j>1). Each satellite has a continuous
subchain of modules to process and the n remain-
ing subchains are processed by the host (see Fig.
1).

For each module j (j=1,...,m) of the chain
assigned to satellite { (i =1,...,n), the time re-
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quired to run it on the satellite is es,;, and the
time to run it on the host is eh, ;. For any two
adjacent modules j and j + 1, the communication
cost between them is also assumed to be known.
If the adjacent modules are co-resident (on a
satellite or on the host) the cost of communica-
tion between them is assumed to be zero; other-
wise it is equal to ¢;; (if modules j and j+1
belong to the chain associated to satellite 7).

Number the modules from right to left and
define the partition point of each chain by the
highest numbered module in that chain that is
assigned to the satellite. When these n chains are
partitioned between the host and the n satellites,
the time required by the entire system to com-
plete the processing of one frame of data from
cach stream is determined by the greater of (1)
the individual load of the most heavily loaded
satellite and (2) the sum of the collective loads of
the host.

In order to simplify the presentation, we add
to each chain one fictitious module numbered 0
linked to module 1 and such that es;,=¢c,,=0
and another fictitious module numbered (m + 1)
linked to module m and such that ¢;,, =¢h,;,, .,
=(, for i=1,...,n. We can thus assume that
modules 0 are assigned to satellites and modules
m + 1 to the host.

For each satellite i (i=1,...,n) let k(i) de-
note the number of the module which is the
partition point of the corresponding chain, i.e.,
modules 0 to k(i) are assigned to satellite / and
modules k(i) +1 to m + 1 are assigned to the
host. Remark that 0 < k(i) < m.

The load of satellite i is equal to the sum of
the times to execute all of the modules that

reside on it, X ; _o () €Six» Plus @ communica-
tion overhead for the time taken to transmit the
final result to the host, ¢, ;. Similarly, the load
of the host is equal to the sum of the times to
execute all of the modules that residue on it,
izt Sk—kiir+1m+ 1y €N > Plus the sum of the
communication times required to transmit results
from the n satellites to the host, X, _, ,,¢; ki

The partitioning problem we consider here is
to determine the partition point of each chain in
order to minimize

max{ max {load of satellite i}, load of the host}

i=1,n
It can be stated as follows: for all ie{1,...,n}
determine k(i) ={0, 1, 2,...,m} such that the
cost

max{ max ( Y es Tt ciyk(,.)),
=0\ (k=0,k0))

(i:Z:Ln) ( (k:k(i§1,1n+ 1)
is minimal.

To solve this problem Bokhari associates with
it an assignment graph which is a doubly weighted
graph, i.e., a graph which has two weights associ-
ated with each edge e: a sum weight o(e) and a
bottleneck weight B(e). Bokhari then proves that
the optimal sum-bottleneck path between two
distinct nodes of this graph corresponds to the
optimal assignment. As usual, a path P is a
sequence of edges e, e,,...,¢,. The sum weight
of path P, denoted S(P), is the sum of all a(e;)
and the bottleneck weight, denoted B(P), is the
largest of all B(e;). The sum-bottleneck weight of
path P is defined as max{S(P), B(P)} and an

eh; , + Ci,k(i))}
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Fig. 1. Representation of a host-satellite system.
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optimal sum-bottleneck path is a path for which
the sum-bottleneck weight is minimal. Bokhari
proposes an algorithm of complexity O(m?n -
log max{m, n}) to find an optimal sum-bot-
tleneck path in the assignment graph and there-
fore an optimal assignment. We propose in the
following a quite different approach for this par-
titioning problem and an algorithm which takes
O(mn log max{m, n}) time.

2. Notation

Forall (;, jye(1,...,n} x{0,..., m}, let s(i, j)
be the load of satellite i if modules 0 to j are
assigned to it (module j is the partition point)
and h(i, j) the corresponding load of the host,
e, s(, ))=ZXy_o,) ©€S;x+c;, and h(, )=
Leojrimeny gty

Let L =0(s, 53,5 Sy,m+1)) be the list of all
elements s(i, j) such that 5, <5, < *** <Spmy1)
and for all r {1, 2,...,n(m + 1)} let (u(s), v(t))
e{1,...,n} x{0,..., m} be such that s(u(r), v(r))
corresponds to element s, of L. The quantity s,
is thus the load of satellite u(¢) if modules 0 to
v(t) are assigned to it. For all ({1, 2,...,n(m
+ 1)}, we denote A(u(z), v(¢)) by h,.

For all i, t)e(l,...,n}x{n, n+1,...,0(m
+ 1} let f{s,) be the minimal load of the host
induced by satellite i when the load of this satel-
lite is located before s, in list L, i.e.,

fi(s,) =min{h,: k<t and u(k) =i}.

Forall te{n, n+1,..., n(m + 1)}, we denote
by f(s,) the minimal total load of the host when
the load of each satellite is located before s, in
list L, i.e.,

f(s) = Z fi(s.)-

(i=1,n)

3. Main results
Theorem 1. Let F* be the cost of an optimal
partitioning. Then

F* = min1=n,n+1 ..... n(m+1) max{f(s,), st}'

Proof. (i) By definition, for all te{n, n +
1,...,n0m + D}, f(s,) is a possible load of the
host, the load of each satellite being less than or
equal to s,. max{f(s,), s} is therefore greater
than or equal to the cost of a partitioning and
consequently

mint=n,n+l ..... n{m+1) max{f(s,), Sl} >F*'

(ii) Consider an optimal partitioning. Let S be
the greatest load of the satellites and H the load
of the host. The cost F* of this partitioning is
equal to max{H, S}. Let r be the greatest index
belonging to {n,n+1,...,n(m+ 1)} and such
that s, =S. By definition f(s,)<H and since
s, =8 we have max{f(s,), s,} < max{H, S} =F*
and finally

mint=n,n+1 ..... n(m+1) max{f(st)’ st} SF* o

Now consider two consecutive elements s,_;
and s, of list L and examine how to compute

f(s,) from f(s,_,) and f,.,, (s,_ ).

Property 2. For all te{n+1,n+2,...,n{m+
1)})

f(st) =f(srfl) —fu(t)(stfl)
+min{fu(:)(51—l)’ ht}'

Proof. By definition f(s,) = min{h,: k <t and
u(k)=i}.

If i #u(t) then f(s,)=min{h,: k<t—1 and
u(k) =i} =f(s,_ ).

If i =u(t) then f(s,)=min{min{s,: k<r—1
and u(k) =i}, h,} = min{f(s,_)), h ).

Since we have, by definition, f(s,) —f(s,_,) =
Tl fi(s) = fls,_ D], we deduce

f(st) —f(s,,,)
>

(i=1,n;i#u(t))

+fu(t)(st) -fu(t)(st‘l)
=min{fu(t)(st—l)’ ht} _fu(t)(st—l)' O

[fi(st—l) ——fi(S,,I)]

We now describe the details of the optimal
partitioning algorithm which is derived directly
from Theorem 1 and Property 2.
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4. The optimal partitioning algorithm

input: es i

module assigned to satellite i, k(i)

begin
comment: computing the s(i, j)’s
1. for i=1to n do

s(i, 0«0

2. for j=1to m do

endo
comment: computing the A(i, j)’s
3.fori=1to n do

h(i, m) <0

endo
endo
S5.fort=1,2,...,n(m+ 1) do find
u(e), v(t), s,, h, enddo
comment: computing

min

D e QD AP € B
[=3 q 6 |t O
sat. 1
—CG[O—CG[D>—=CG D,
[+3 g aq 8
sat.2
70 qp <
sat.3
\ -
i
eh es
e J
module j+1 module j
Fig. 2. An example with three satellites and six modules in each chain.
comment: initialization
f<0
eh, . and ¢, ; 6. fort=1tondo f,, < h; f<h; k(u()«0
Mo e M . o enddo
output: the cost F* of an optimal partitioning F*ef
and, for all i=1,...,n, the highest numbered - . e
comment; finding the optimal partitioning
Table 1
t u(t) v(r) s, h,
1 1 0 0 25
2 2 0 0 17
3 3 0 0 16
4 3 1 6 19
s, Dest, j—D+es;,;—c;;_1+c;; 5 1 1 12 21
/ ’ BRI 6 3 3 13 16
7 2 1 14 19
8 3 2 14 24
9 2 2 18 11
10 1 3 20 15
4, for j=m—1,m—2,...,0do 1; f g i; ;;
. . . . 1 5
h(i, j) < h(G, j+ D +eh,;, 5 3 < > .
TCij+1 TG 14 3 4 29 17
15 2 4 32 12
16 1 4 33 14
17 1 5 33 4
18 1 6 34 0
19 2 5 34 6
20 2 6 36 0
21 3 6 36 0

t=nn+l1,..., n(m+1) max{f(s,), st}
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Table 2
t fi fa f3 f F* k(1) kQ) k(3)
4 25 17 16 58 58 0 0 0
5 21 17 16 54 54 1 0 0
6 21 17 16 54 54 1 0 0
7 21 17 16 54 54 1 0 0
8 21 17 16 54 54 1 0 0
9 21 11 16 48 48 1 2 0
10 15 11 16 42 42 3 2 0
11 15 8 16 39 39 3 3 0
12 15 8 16 39 39 3 3 0
13 15 8 6 29 29 3 3 5
14 15 8 6 29 29 3 3 5
15 15 8 6 29 29 3 3 5
16 14 8 6 28 29 3 3 5
17 4 8 6 18 29 3 3 5
18 0 8 6 14 29 3 3 5
19 0 6 6 12 29 3 3 5
20 0 0 6 6 29 3 3 5
21 0 0 0 0 29 3 3 5

7. for t=n+1to n(m+1)do
if b, <f, then f—f—f,y+h; fu<h
endif
if max{f, 5s,} <F* then F* « max{f, s,};
k(u(t)) < v(t) endif
enddo
end

Theorem 3. The previous algorithm finds an opti-
mal partitioning in most O(mn log max(m, n))
time.

Proof. Loops 1 and 3 require O(nm) time. The
time required to run loop 5 is O(mn log(mn))
since N elements can be sorted in time
O(N log N) (for example by heapsort [11]). Loop
6 requires O(n) time and loop 7, O(nm) time.
Thus the overall complexity of the algorithm is
O(mn log max(m, n)). O

5. Example

Consider the example described by Fig. 2.
Table 1 gives u(¢), v(¢), s, and h, for t=
1, 2,...,21. At the initialization of the algorithm:
fi=25, f,=17, fy=16, f=158, F*=58, k(1) =
0, k(2) =0 and k(3)=0. The values of
f1s f2r f35. fs F*, kQD), k(2) and k(3) during the

execution of the algorithm are shown in Table 2.
We see that in the optimal partitioning, modules
0 to 3 must be assigned to satellite 1, modules 0
to 3 must be assigned to satellite 2 and modules 0
to 5 must be assigned to satellite 3. The corre-
sponding load of the host is 29 and the corre-
sponding loads of satellites 1, 2, 3 are respectively
20, 21, 28. The cost of this partitioning is 29.
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